Abstract. Let R be a Noetherian ring and let C be a semidualizing R-module. In this paper, by using the semidualizing modules, we define and study new classes of modules and homological dimensions and investigate the relations between them. In parallel, we obtain some necessary and sufficient condition for C to be dualizing.
introduction
Throughout this paper, R is a commutative Noetherian ring with non-zero identity.
A finitely generated R-module C is semidualizing if the natural homothety map R −→ Hom R (C, C) is an isomorphism and Ext i R (C, C) = 0 for all i > 0. Foxby [15] , Vasconcelos [28] and Golod [16] independently initiated the study of semidualizing modules. The most important classes of modules over a Noetherian ring R, from a homological point of view, are the projective, flat, and injective modules. In [3] , E. Enochs introduced the notion of cotorsion modules and J.Xu [29] , generalized this notion and defined two classes of R-modules, namely strongly cotorsion and strongly torsionfree R-modules. The notion of G-injective, G-projective and G-flat modules has been defined by E. Enochs et al. in [7] , [11] . It is a refinement of the classical injective, projective and flat modules and shares some of their nice properties. By using the semidualizing modules in [19] , as a generalization of G-injective, G-projective and G-flat modules, H. Holm and P. Jrgensen introduced the notion of G C -injective, G C -projective and G C -flat modules. It is well-known that over a finite dimensional Gorenstein ring, then the strongly cotorsion (resp. strongly torsion free) modules are precisely the G-injective (resp. G-flat) modules. In Section 3, we generalize this fact to a Cohen-Macaulay ring with dualizing module. More precisely, in Corollary 3.4, we prove the following:
Theorem A. Let R be a ring of finite Krull dimension d and let C be dulalizing.
(i) One has GI C = M scot .
(ii) One has GF C = M stf .
In [8] and [9] , E. Enochs and O. Jenda introduced the classes of (strongly)copure injective and (strongly)copure flat R-modules and defined two new homological dimensions related to these classes, namely copure injective and copure flat dimensions. They obtained a characterization for a finite dimensional Gorenstein ring in terms of finiteness of these homological dimensions. Also in [2] , N.Ding et al. defined the dual notion of (strongly)copure injective modules, namely (strongly)copure projective modules and defined the copure projective dimension. In this article we introduce and investigate various classes of R-modules that arise from the vanishing of Ext and Tor on the famous classes P C (R), F C (R) and I C (R). More precisely, in section 4, we define the classes: E. Enochs and O. Jenda, by using the strongly copure injective and strongly copure flat modules, proved that the following are equivalent for a non-negative integer n:
(i) R is n-Gorenstein.
(ii) cid R (M ) ≤ n for any R-module M .
(iii) cfd R (M ) ≤ n for any R-module M .
In section 4, we define three new homological dimensions, C-copure projective dimension Cscp , C-copure injective dimension C-sci , and C-copure flat dimension C-scf . By these new homological dimensions, we generalize [8, Theorem 4.1] .The following is a part of Theorem 4.27.
Theorem C. The following are equivalent:
(ii) C-cid R (M ) ≤ n for any R-module M .
(iv) C-cpd R (M ) ≤ n for any R-module M .
(vi) C-cfd R (M ) ≤ n for any R-module M .
preliminaries
In this section, we recall some definitions and facts which are needed throughout this paper. By an injective cogenerator, we always mean an injective R-module E for which Hom R (M, E) = 0 whenever M is a nonzero R-module. For an R-module M , the injective hull of M , is always denoted by E(M ).
Definition 2.1. Let X be a class of R-modules and M an R-module. An X -resolution of M is a complex of R-modules in X of the form
such that H 0 (X) ∼ = M and H n (X) = 0 for all n ≥ 1. Also the X -projective dimension of M is the quantity X -pd R (M ) := inf{sup{n ≥ 0|X n = 0} | X is an X -resolution of M } .
So that in particular X -pd R (0) = −∞. The modules of X -projective dimension zero are precisely the non-zero modules in X . The terms of X -coresolution and X -id are defined dually.
Definition 2.2.
A finitely generated R-module C is semidualizing if it satisfies the following conditions:
(i) The natural homothety map R −→ Hom R (C, C) is an isomorphism.
(ii) Ext i R (C, C) = 0 for all i > 0.
For example a finitely generated projective R-module of rank 1 is semidualizing. If R is Cohen-Macaulay, then an R-module D is dualizing if it is semidualizing and that id R (D) < ∞ . For example the canonical module of a Cohen-Macaulay local ring, if exists, is dualizing.
Definition 2.3. Following [19] , let C be a semidualizing R-module. We set P C (R) = the subcategory of R-modules C ⊗ R P where P is a projective R-module.
F C (R) = the subcategory of R-modules C ⊗ R F where F is a flat R-module.
I C (R) = the subcategory of R-modules Hom R (C, I) where I is an injective Rmodule.
The R-modules in P C (R), F C (R) and I C (R) are called C-projective, C-flat and C-injective,
respectively. If C = R, then it recovers the classes of projective modules P, flat modules F and injective modules I, respectively. We use the notations C-pd , C-fd and C-id instead of P C -pd , F C -pd and I C -id , respectively.
Based on the work of E. Enochs and O. Jenda [6] , the following notions were introduced and studied by H. Holm and P. Jrgensen [19] .
Definition 2.4.
A complete PP C -resolution is a complex X of R-modules such that (i) X is exact and Hom R (X, P ) is exact for each P ∈ P C (R), and that
(ii) X i ∈ P C (R) for all i < 0 and X i is projective for all i ≥ 0.
An R-module M is called G C -projective if there exists a complete PP C -resolution X such that M ∼ = Coker (∂ X 1 ). All projective R-modules and all R-modules in P C (R) are G Cprojective. The class of G C -projective R-modules is denoted by GP C . Also we use the notation G C -pd instesd of GP C -pd .
A complete F F C -resolution is a complex X of R-modules such that (i) X is exact and X ⊗ R I is exact for each I ∈ I C (R), and that (ii) X i ∈ F C (R) for all i < 0 and X i is flat for all i ≥ 0.
). All flat R-modules and all R-modules in F C (R) are G C -flat. The class of G C -flat R-modules is denoted by GF C . Also we use the notation G C -fd instesd of GF C -pd .
A complete I C I-coresolution is a complex Y of R-modules such that (i) Y is exact and Hom R (I, Y ) is exact for each I ∈ I C (R), and that
. All injective R-modules and all R-modules in I C (R) are G C -injective. The class of G C -injective R-modules is denoted by GI C . Also we use the notation G C -id instesd of GI C -id .
Note that when C = R these notions recover the concepts of Gorenstein projective module GP, Gorenstein flat module GF and Gorenstein injective modules GI which were introduced in [11] and [7] . Lemma 2.5. Let C be a semidualizing R-module and let M be an R-module.
Proof. For (i) and (ii), see [26, 
Proof. Let R ⋉ C denote the trivial extension of R by C and view M as an R ⋉ C-module via the natural surjection R ⋉ C → R. Now M ∈ GF C if and only if M is G-flat over R ⋉ C by [19, Theorem 2.16] . This is the case if and only if Hom R (M, E) is G-injective over R ⋉ C and using [19, Theorem 2.16 ] once more completes the proof. Definition 2.7. Let C be a semidualizing R-module. The Auslander class with respect to C is the class A C (R) of R-modules M such that:
The Bass class with respect to C is the class B C (R) of R-modules M such that:
The class A C (R) contains all R-modules of finite projective dimension and those of finite Cinjective dimension. Also the class B C (R) contains all R-modules of finite injective dimension and those of finite C-projective dimension (see [26, Corollary 2.9] ). Also, if any two Rmodules in a short exact sequence are in A C (R) (resp. B C (R)), then so is the third (see [20] ).
Definition 2.8. Let X be a class of R-modules. Following [29] , we say that X is closed under extension whenever 0 → X ′ → X → X ′′ → 0 is any exact sequence, with X ′ , X ′′ ∈ X , then X ∈ X . Also the class X is said to be resolving (resp. coresolving), provided that X is closed under extensions, P ⊆ X (resp. I ⊆ X ) and X ′ ∈ X (resp. X ′′ ∈ X ) whenever
Definition 2.9. Let M be an R-module and let X be a class of R-modules . Following [6] , a X -precover of M is a homomorphism ϕ : X → M , with X ∈ X , such that every homomorphism Y → M with Y ∈ X , factors through φ; i.e., the homomorphism
Dually, a X -preenvelope of M is a homomorphism ϕ : M → X, with X ∈ X , such that every homomorphism M → Y with Y ∈ X , factors through φ; i.e., the homomorphism
is surjective for each module Y in X . A X -preenvelpoe ϕ : M → X is a X -envelope if every ψ ∈ Hom R (X, X) with ψϕ = ϕ is an automorphism.
We say that a class X is (pre)covering in the category of R-modules, precisely when any R-module has a X -(pre)cover. Dually, a class X is (pre)enveloping in the category of Rmodules, precisely when any R-module has a X -(pre)envelope.
Lemma 2.10. Let C be a semidualizing R-module. We have the following statements:
The class I C (R) is covering and enveloping on the category of R-modules and the class P C (R) is precovering. Also, the class F C (R) is covering and preenveloping on the category of R-modules.
Hom R (C, −)-exact). In particular, any I C -preenvelope (resp. P C -precover) of M is injective (resp. surjective) . Following [8] , an R-module X is said to be strongly copure injective if Ext 1 R (E, X) = 0 for any R-module E with finite injective dimension. An R-module Y is said to be strongly copure flat if Tor R 1 (E, Y ) = 0 for any R-module E with finite injective dimension. Following [2] , an R-module Z is said to be strongly copure projective if Ext Note that if M is strongly cotorsion (resp. strongly torsionfree) then Ext i R (F, M ) = 0 (resp. Tor R i (F, M ) = 0) for any R-module F with finite flat dimension. Also note that any G-injective (resp. G-flat) R-module is strongly copure injective (resp. strongly copure flat).
Remark 2.13. In view of Definition 2.12, for any R-module M , we can define two homological dimensions, namely strongly cotorsion dimension scd R (M ), and strongly torsionfree dimension std R (M ). Then it is not hard to see that there are equalities scd
where F is an R-module with fd R (E) < ∞ }. In [2] , E. Enochs and O. Jenda, and in [8] , N. Ding et al. defined three new homological dimensions for modules, namely copure injective dimension denoted by cid , copure flat dimension denoted by cfd and copure projective dimension denoted by cpd . It is not hard to see that for an R-module M , there are equalities cid R (M ) = sup{n ≥ 0|Ext n R (E, M ) = 0, where E is an R-module with id R (E) < ∞ }, cfd R (M ) = sup{n ≥ 0|Tor R n (E, M ) = 0, where E is an R-module with id R (E) < ∞ } and cpd R (M ) = sup{n ≥ 0|Ext n R (M, F ) = 0, where F is an R-module with fd R (F ) < ∞ }. Notation 2.14. We use the notations M cot , M scot , M stf , M ci , M sci , M scf and M scp to denote the full subcategories of cotorsion, strongly cotorsion, strongly torsionfree, copure injective, strongly copure injective, strongly copure flat and strongly copure projective Rmodules, respectively. It is clear that GP ⊆ M scp , GF ⊆ M scf and that GI ⊆ M sci . Throughout C is a semidualizing R-module. Our aim in this section is to show that if C is dualizing, then there are equalities of subcategories GI C = M scot and GF C = M stf . We begin with a proposition which says that the containment '⊆' does not need the dualizing assumption on C. 
Proof. (i). First we show that I C ⊆ M scot . Let F be an R-module of finite flat dimension. By [6, theorem 3.2.1], the isomorphism
holds for any injective R-module I. Now since F ∈ A C (R) we have Tor 
Hom R (F, −) on these exact sequences, yields the isomorphisms
According to [12, Corollary 3 .4], we have pd R (F ) ≤ d. Thus, using the above isomorphisms, we have Ext
(ii). Let N ∈ GF C and let E be an injective cogenerator. Then by Lemma 2.6
Hom R (N, E) ∈ GI C and hence Hom R (N, E) ∈ M scot by (i). Therefore N ∈ M stf by Lemma 2.15.
Lemma 3.2. Let R be a ring of finite Krull dimension d and let C be dulalizing. (i) An R-module M is G C -injective if and only if there exists an exact sequence
· · · → Hom R (C, I n ) → · · · → Hom R (C, I 1 ) → Hom R (C, I 0 ) → M → 0, in which I i is injective for all i ≥ 0. (ii) An R-module N is G C -flat if
and only if there exists an exact sequence
0 → N → C ⊗ R F 0 → C ⊗ R F 1 → · · · → C ⊗ R F n → · · · , in which F i is flat for all i ≥ 0.
Proof. (i)
. The definition of a G C -injective R-module implies the existence of such an exect sequence. Now assume that M is an R-module for which there exists an exact sequence
with I i is injective for all i ≥ 0. By the definition, we have to show that the sequence ( * )
is Hom R (I C , −)-exact and that Ext 
(ii). If N is G C -flat then there exists such an exact sequence. Now assume that N is an R-module for which there exists an exaxt sequence
in which F i is flat for all i ≥ 0. Suppose that E is an injective cogenerator. Then by applying the exact functor Hom R (−, E) to ( * * ), we obtain an exact sequence
injective R-module for all i ≥ 0. Thus (ii) follows from (i) and Lemma 2.6.
Theorem 3.3. Let R be a ring of finite Krull dimension d and let C be dulalizing. Then any strongly cotorsion
Proof. Let M be a strongly cotorsion R-module. In view of lemma 3.2, we need only to construct an exact sequence of the form
in which I i is injective for all i ≥ 0. Assume that ϕ : Hom (C, I 0 ) → M is the I C -precover of M . First we show that ϕ is surjective and that ker ϕ is cotorsion. We can consider a surjective homomorphism θ : P → M with P is projective. Now the I C -preenvelope of P is injective by Lemma 2.10(ii), since P ∈ A C (R). Assume that τ : P → Hom (C, E) is an injective I C -preenvelope of P . Consider the following push-out diagram:
where K = ker ϕ and Y = Coker τ . Note that fd R (Hom R (C, E)) < ∞ and that P is flat.
Hence fd R (Y ) < ∞ since the middle column is exact. Now since M is strongly cotorsion, we have Ext 1 R (Y, M ) = 0 which shows that the right hand side column is split. Consequently, there is an epimorphism Hom R (C, E) → M from which we conclude that the I C -precover of M is surjective. Therefore we have the exact sequence
in which Z = ker ϕ. Next we show that Z is strongly cotorsion. Assume that F is an R-module of finite flat dimension. Application of the functor Hom R (F, −) on the exact sequence ( * ) yields Ext
The fact that F ∈ A C (R) implies that the I C -preenvelope of F is injective by Lemma 2.10(ii). Hence there is an exact sequence
in which E ′ is injective and W = Coker (F → Hom R (C, E ′ )). Again fd R (W ) < ∞ since both F and Hom R (C, E ′ ) have finite flat dimensions. But then Ext 2 R (W, Z) = 0, as we have seen before. An application of the functor Hom R (−, Z) on the exact sequence ( * * ) yields
, which shows that Z is cotorsion. Finally, we can proceed in the same way to get the exact sequence
Hence M is G C -injective by Lemma 3.2.
Corollary 3.4. Let R be a ring of finite Krull dimension d and let C be dulalizing.
Proof. For (i), use Proposition 3.1(i) and Theorem 3.3. For (ii), use part (i), Lemma 2.6, Lemma 2.15 and Proposition 3.1(i).
Generalizations
In the present section, by using a semidualizing module, we extend the notions of Definition 2.12 and the homological dimensions described in the Remark 2.13. First, we define some new classes of modules. Next, we study the properties of these classes and related homological dimensions. One of our main goals is to impose suitable conditions on C to be dualizing. The next goal is to find relations between these new classes with those of Notion 2.14. To do this, we use some properties of Auslander and Bass classes. Definition 4.1. A submodule N of an R-module M is said to be a C-copure submodule if M/N ∈ I C , and an R-module M is said to be C-copure injective (resp. C-copure flat ) if it is injective (resp. flat) with respect to all C-copure submodules; i.e., M is C-copure
). An R-module M is said to be a strongly C-copure injective (resp. strongly C-copure flat ) R-module if 
is a hereditary cotorsion theory.
⊥ is a hereditary cotorsion theory.
Proof. (i). We have to show that
sci . By our choice, we have Ext
jective and E is injective. Since the subcategory M C sci is coresolving, we have
On the other hand, we have the isomorphism
. Now we can proceed in the same way to see
sci is a cotorsion theory. Now since M C sci is coresolving, it is easy to see that
is hereditary. (ii). Is similar to (i). (iii). Is dual to (i).
The following lemma is similar to Lemma 2.15 and we left the proof to the reader. 
Proof. Let E be an injective cogenerator and let M ∈ M C scp . By [6, Theorem 3.2.1], there is an isomorphism
The following are equivalent:
Proof. (i) =⇒ (ii). Application of the functor Hom
(ii) =⇒ (iii). As M ∈ A C (R), by Lemma 2.10(ii), the I C -precover of M is injective. Thus there exists an exact sequence 0 → M → X → L → 0, with X ∈ I C . Now by (ii), X → L is I C -precover whose kernel is M . 
Proof. Is dual of the proof of Proposition 4.7.
By now, we know that GI C ⊆ M C sci . In the following, we show that the equality needs an additional assumption. Recall from [10] that an R-module M is said to be h-divisible, precisely when M is homomorphic image of an injective R-module. 
Proof. We only prove (i). The other statements are similar. Let F be a flat R-module. One has the isomorphisms 
Assume that L i is the i-th kernel in the above coresolution. Then L i ∈ M sci since the class M sci is coresolving. In particular Ext
Repeating this argument, shows that L 1 is injective and then we conclude that exact sequence 0 →
Therefore C ⊗ R M is injective and so M ∈ I C by Lemma
2.5(i).
(ii). Is dual to the proof of (i). 
Proof. (i). Let E be an injective R-module and let F be a flat R-module. There exists an exact sequence
in which P is projective and K = ker(P → Hom R (C, E)). Applying the exact functor − ⊗ R F on ( * ), we get an exact sequence
Note that Hom R (C, E) ⊗ R F ∼ = Hom R (C, E ⊗ R F ) by [6, Theorem 3.2.14]. Therefore Hom R (C, E) ⊗ R F ∈ I C . Now assume that M ∈ M C ci . Applying the functor Hom R (−, M ) on ( * * ), we get the exact sequence
Finally, the Hom-tensor adjointness isomorphism yields the exact sequence
, from which we conclude that Ext
The converse is evident.
(ii). Let F be an flat R-module and let P be a finitely generated projective R-module.
There exists an exact sequence
in which E is injective and L = Coker (C ⊗ R F → E). Applying the exact functor Hom R (P, −) on ( †), we get an exact sequence
Note that Hom R (P, C ⊗ R F ) ∼ = Hom R (P, F ) ⊗ R C and therefore Hom R (P, C ⊗ R F ) ∈ F C . Now assume that M ∈ M C cp . Applying the functor Hom R (M, −) on ( † †), we get the exact sequence
The converse is evident. 
(iii). Just observe that Tor
(i) Assume that M ∈ M C scf . Then I C ⊗ R M ⊆ M scot . (ii) Assume that M ∈ M C sci . Then Hom R (I C , M ) ⊆ M stf .
Proof. (i). By assumption Tor
(i) M C scot = M sci . (ii) M scot = M C sci . (iii) M C stf = M scf . (iv) M stf = M C scf . (v) If, in addition, (R, m) is local, then M
Proof. (i) First assume that
Assume that E is an R-module with id R (M ) < ∞. Then E ∈ B C (R) and hence by Lemma 2.10(ii), the F C -precover of M is surjective. So that we have an exact sequence of the form
Hence id R (L) < ∞. Therefore by this argument for any i ≥ 0 we can construct exact
in which E 0 = E, X i ∈ F C and id R (E i ) < ∞. Since E i+1 ∈ B C (R) we have Ext 1 R (C, E i+1 ) = 0. Hence the exact sequence
Now by Lemma 2.5(iii), Hom R (C, X i ) is flat and also
on the exact sequences ( * ) yields the isomorphisms (ii). The necessity is trivial. Assume that E is an injective cogenerator and that M ∈ M stf . Then Hom R (M, E) ∈ M scot by Lemma 2.15(i), and that we have C-
Set Hom R (M, E) = Hom R (C, I) where I is injective. We have the isomorphisms
where the first isomorphism is from [6, theorem 3. Definition 4.20. Let M be an R-module. We say that an R-module M has C-copure
If there is no shorter such sequence, we set C-cid R (M ) = n. Dually, we say that M has C-copure flat dimension (resp. C-copure projective dimension) at most m, denoted
with each F i strongly C-copure flat (resp. strongly C-copure projective). If there is no shorter such sequence, we set C-cfd R (M ) = m (resp.
Remark 4.21. From the above definition, it easily follows that there are equalities C-
is an exact sequence of R-modules and two of these three modules have finite C-copure injective dimension (resp. C-copure flat dimension and C-copure projective dimension), then so has the third.
The following proposition compares the new homological dimension of Definition 4.20 with those which are appeared in [26] and [19] . 
Moreover, the equality holds provided that C-fd R (M ) < ∞.
Proof. (i). The containments
sci show the inequalities. Now assume that C-id R (M ) = n < ∞. Hence by Lemma 2.5(i), we have id R (C ⊗ R M ) = n and so there exists a non-zero R-module K for which Ext n R (K, C ⊗ R M ) = 0. There exists an exact sequence
in which I is injective and L = Coker (K → I). We show that Ext n R (Hom R (C, I), M ) = 0. Note that both I and C ⊗ R M are in B C (R) and that M ∼ = Hom R (C, C ⊗ R M ) since M ∈ A C (R). Hence we have the isomorphisms
where the second isomorphism is from [26 
This completes the proof.
(ii). The containments P C ⊆ GP C ⊆ M C scp show the inequalities. Now assume that C-pd R (M ) = n < ∞. Hence by Lemma 2.5(ii), we have pd R (Hom R (C, M )) = n and so there exists a non-zero R-module K for which Ext
in which P is projective and L = ker(P → K). We show that Ext n R (M, C ⊗ R P ) = 0. Note that both P and Hom R (C, M ) are in A C (R) and that M ∼ = C ⊗ R Hom R (C, M ) since M ∈ B C (R). Hence we have the isomorphisms 
(iii). The containments F C ⊆ GF C ⊆ M C scf show the inequalities. Now assume that C-fd R (M ) = n < ∞. Hence by Lemma 2.5(iii), we have fd R (Hom R (C, M )) = n and so there exists a non-zero R-module K for which Tor R n (Hom R (C, M ), K) = 0. There exists an exact sequence
in which I is injective and L = Coker (K → I). We show that Tor R n (Hom R (C, I), M ) = 0. Note that I ∈ B C (R) and that Hom R (C, M ) ∈ A C (R). Note also that M ∼ = C ⊗ R Hom R (C, M ) since M ∈ B C (R). Hence we have the isomorphisms
where the second isomorphism is from [27, Theorem 3.6] and the last one is from [27, Proposition 4.3]. Hence we need only to show that Tor R n (I, Hom R (C, M )) = 0. To do this, apply the functor Hom R (C, M ) ⊗ R − to the exact sequence ( * * * ) to get an exact sequence Hom R (C, M ) ). This completes the proof.
The following three propositions are standard.
Proposition 4.23. For an R-module M and an integer n ≥ 0, the following are equivalent:
(ii) Every n-th cosyzygy of M is strongly C-copure injective
Proposition 4.24. For an R-module M and an integer n ≥ 0, the following are equivalent:
(ii) Every n-th syzygy of M is strongly C-copure projective.
Proposition 4.25. For an R-module M and an integer n ≥ 0, the following are equivalent:
(ii) Every n-th syzygy of M is strongly C-copure flat.
In the following proposition, we show that for a finitely generated R-module, there is a special R-module for detecting its homological dimensions.
Proposition 4.26. Let M be a finitely generated R-module and let E be an injective cogenerator. The following statements hold true: 
Proof. (i). Suppose that C-cpd
Since M is finitely generated and hence is complete, we have M ∼ = lim
Choose a prime ideal p = m and set X = Hom R (C, E(R/p)). The sequence (*) yields an exact
We know that the multiplication of any element x ∈ m p induces an isomorphism on 
(iii) Every n-th cosyzygy of an R-module is strongly C-copure injective.
(v) Every n-th syzygy of any R-module is strongly C-copure projective.
(vii) Every n-th syzygy of an R-module is strongly C-copure flat.
Proof. (i) =⇒ (ii).
Assume that M is a non-zero R-module. Since C is dualizing, by Lemma 2.5(iii), we have fd R (Hom R (C, I)) ≤ n for any injective R-module I. Hence, by (ii) ⇐⇒ (iii). First assume that M is an R-module. Choose an arbitrary coresolution for M by strongly C-copure injective modules and let K n be n-th cosyzygy. Use dimension shifting and the fact that Ext (ii) =⇒ (i). Is similar to that of (iv) =⇒ (i). 
(ii) Any quotient of a strongly C-copure injective R-module is strongly C-copure injective.
(iii) Any submodule of a strongly C-copure projective R-module is strongly C-copure projective.
(iv) Any submodule of a strongly C-copure flat R-module is strongly C-copure flat.
The following definition can be considered as a relative global dimension of a ring with respect to a semidualizing module. Our aim from this definition, is that to find a necessary and sufficient condition for C to be dualizing (See Corollary 4.30 below). 
Moreover, if one of the above statements holds, then id
Proof. The equivalence of the above statements follows from Theorem 4.27. We only show the equality id R (C) = C-ciD (R). The other equalities can be proved similarly. If id R (C) = n < ∞, then as in the proof of Theorem 4.27, all modules in I C have finite projective dimensions less than or equal to n. Consequently, Ext i R (I C , M ) = 0 for any i > n and all R-modules M . Therefore, we need only to find an R-module M with an injective R-module I for which Ext n R (Hom R (C, I), M ) = 0. Assume that E is an injective cogenerator. Then we have pd R (Hom R (C, E)) ≤ n. But if pd R (Hom R (C, E)) < n, then fd R (Hom R (C, E)) < n and so id R (C) < n, which is impossible. Thus pd R (Hom R (C, E) = n, and so there exists a non-zero R-module M for which Ext n R (Hom R (C, E), M ) = 0. This gives the equality id R (C) = C-ciD (R).
The following theorem examines the finiteness of relative homological dimensions with respect to a semidualizing module in the local case. We see that the residue field of a local ring is a test module for detecting the finiteness of relative homological dimensions. 
Moreover, if one of the above statements holds, then
The equivalence of the conditions (i), (ii) and (iii) in the following corollary, can be considered as a generalization of [21, Theorem 2.7] . Note that cid R (M ) ≤G-id R (M ) for any R-module M . 
Proof. (i) =⇒ (ii). By the same argument as in the proof of Theorem 4.27, we see that all modules in I C have finite projective dimension less than or equal to 1. By assumption, there exists an exact sequence
in which E is injective and K = ker(Hom R (C, E) → M ). Application of the functor Hom R (I C , −) on ( * ) yields an exact sequence
Clearly, M is a homomorphic image of a projective module, say P . Now the I C -preenvelope of P is injective by Lemma 2.10(ii), since P ∈ where K = ker(P → M ) and X = Coker (P → Hom R (C, E)). Note that X ∈ A C (R) since the middle column is exact and that both P and Hom R (C, E) are in A C (R). Therefore Tor R 1 (C, X) = 0. Hence applying the functor C ⊗ R − on the the middle column, we get the exact sequence
Next, note that id R (C ⊗ R P ) ≤ 1, since P is projective and that id R (C) ≤ 1. Thus C ⊗ R X must be injective since it is a first cosyzygy of C ⊗ R P . So that X ∈ I C by Lemma 2.5(i). It follows that Ext 1 R (X, M ) = 0 since M is C-copure injective. Therefore the right hand side column is split, and so there exists an epimorphism Hom R (C, E) → M . Consequently, any I C -precover of M must be surjective. 
Proof. Assuma that E is an injective cogenerator and that (−) ∨ = Hom R (−, E). The following proposition is dual to the Proposition 5.1. Note that, in general, the class P C is not preenveloping. (i) M can be embedded in a C-projective R-module.
Proof. (i) =⇒ (ii). Note that id R (C ⊗ R P ) ≤ 1 for any projective module P Since id R (C) ≤ 1. Consequently, all modules in P C have finite injective dimension less than or equal to 1. cp . Clearly, M can be embedded in an injective module, say E. Now the P C -precover of E is surjective by Lemma 2.10(ii), since E ∈ B C (R).
Consider the following pull-back diagram:
where N = ker(C ⊗ R P → E) and X = Coker (M → E). Note that N ∈ B C (R) since the middle column is exact and that both E and C ⊗ R P are in B C (R). Therefore Ext 1 R (C, N ) = 0. Hence applying the functor Hom R (C, −) on the the middle column, we get the exact sequence 0 → Hom R (C, N ) → P → Hom R (C, E) → 0.
Next, note that pd R (Hom R (C, E)) ≤ 1 by [12, Corollary 3.4] , and hence Hom R (C, N ) must be projective since it is a first syzygy of Hom R (C, E). So that N ∈ P C by Lemma 2.5(ii). 
It follows that Ext

